We formulate a mathematical model to study the in vivo keratin organization in terms of repartition of the keratin material between three different structural states: soluble proteins, filament precursors and filamentous state. The model describes a cycle of assembly and disassembly of keratin material. A generic nucleation function and structural stability of filament precursors are assumed. It is established that the three structural states always coexist and that the repartition of keratin material never exhibits any cyclic behaviour. Under some conditions, it is shown that the choice of the nucleation function does not affect the qualitative behaviour of the system. However, it might change the stable repartition of the keratin material in the cell.
Introduction
The cytoskeleton in epithelial cells is composed of three major filament systems: actin-based microfilaments, tubulin-based microtubules and keratin-based intermediate filaments. Keratin intermediate filaments differ from the other filament types by their lack of polarity, their high degree of phosphorylation, compositional diversity, extreme elasticity and their propensity to spontaneously assemble in vitro without any co-factors (reviews in Herrmann et al., 2007; Kim & Coulombe, 2007; Magin et al., 2007) . Very little is known about the regulation of the in vivo keratin assembly needed to establish, maintain and functionally adapt the complex and evolutionary conserved network arrangements observed in different epithelial cell types (e.g. Carberry et al., 2009; Iwatsuki & Suda, 2010; Oriolo et al., 2007) . Live cell imaging has revealed a surprisingly high degree of network plasticity, most notably in the context of various stress paradigms (Beriault et al., 2012; Sivaramakrishnan et al., 2009; Strnad et al., 2001 Strnad et al., , 2002 Windoffer et al., 2004; Woll et al., 2007) . Based on such observations in various cell culture systems, a model has been put forward to explain the time-dependent regulation of keratin networks Windoffer et al., 2011) . Its main tenet is that keratin filaments are subject to continuous KERATIN CYCLE OF ASSEMBLY AND DISASSEMBLY 3 of 15 experimentalists, the formation of elements of the filamentous state is now described by the aggregation or fusion of filament precursors as well as precursors to filaments (Kolsch et al., 2010; Leube et al., 2011; Windoffer et al., 2011) .
Hence, a 3D system of ordinary differential equations is proposed to describe the organization of the keratin material in a cell. The keratin assembly/disassembly cycle in cells is assumed to consist of mechanisms of precursor formation and growth, integration of precursors in the filamentous state and disassembly of the filamentous state into soluble proteins. The bundling process is not explicitly represented in the model as it does not change the repartition of keratin material in cells. Analytical analysis of the system is presented. Results are found on the bounds of filamentous and non-filamentous states and long-term behaviour of the repartition of the keratin material in the cells.
Model formulation
To describe the organization of keratin in a cell, the keratin material is categorized in three structural states: soluble proteins (tetrameric complexes), filament precursors (oligomeric particles of soluble proteins) and filamentous state (filaments forming the network). The three state variables to represent structural states are
• S(t), soluble protein concentration at time t;
• P(t), filament precursor concentration at time t;
• N(t), filamentous state concentration at time t.
In the present model, the configuration and size of objects considered are not explicitly described. Only interactions (events) linking the three structural states are used to define their properties. The following five events are assumed to govern the dynamics of keratin material in an epithelial cell ( Fig. 1 ):
• Formation of filament precursors, called here Nucleation: soluble proteins oligomerize to form filament precursors.
• Growth of precursors: soluble proteins bind to filament precursors.
• Integration I: fusion/aggregation of precursors forms an element of the filamentous state. • Integration II: precursors aggregate to existing filaments or network (filamentous state).
• Disassembly: elements of the filamentous state disassemble into soluble proteins.
Based on assumptions listed above, the model describing the dynamics of the keratin material in a cell is
Parameters in system (2.1) are all positive: i, β and π are the integration rate, the fusion rate and the growth rate of filament precursors, respectively; κ is the disassembly rate of filamentous state (Table 1) . Moreover, as little is known on the in vivo oligomerization of intermediate filament proteins, called here nucleation, a generic function N (·) is used to describe the nucleation process. It is assumed that the nucleation function N (S) is continuously differentiable, and satisfies:
, where C 0 is the concentration of keratin in a cell. The nucleation function is a monotonically increasing function of the concentration of soluble proteins. Saturating and nonsaturating functions can be hypothesized.
-N (0) = 0 (no nucleation possible if no soluble proteins).
Parameters and function used in system (2.1) are listed in Table 1 . System (2.1) is considered with initial conditions S(0), P(0) , N(0) 0 and S(0) + P(0) + N(0) = C 0 . System (2.1) satisfies a mass conservation law, S(t) + P(t) + N(t) = C 0 ∀t 0.
Mathematical analysis
To allow for an easier interpretation of results of the keratin material repartition in cells, the nondimensional version of system (2.1) is considered and obtained by making the transformationsS = S/C 0 ,P = P/C 0 ,N = N/C 0 . The conservation law S + P + N = 1 allows one to attack system (3.1) by studying the subsystem 2b) and determine
One can verify that D 2 is positively invariant with respect to system (3.2).
The next result gives finer bounds for the long-term behaviour of the non-filamentous and filamentous states.
Lemma 3.1 For all sufficiently large t, the non-filamentous state S(t) + P(t) and the filamentous state
Proof. Denote Z := S + P. Adding up (3.2a) and (3.2b) yields
which, as 0 P(t) 1 ∀t 0, implies that
Integrating each side of the inequality gives
Z(t).
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Now considering t sufficiently large, the first inequality in the result follows. Since
for all sufficiently large t. Therefore,
for all sufficiently large t.
Interpretation: Balance between the fusion of precursors (Integration I), integration of precursors to filamentous state (Integration II) and disassembly of filamentous state (see Fig. 1 ) plays a key role in the long-term repartition of keratin material between the non-filamentous states (S and P) and the filamentous state (N). The ratio of rates of filamentous state assembly (i and β) to the rate of filamentous state disassembly (κ) determines the organization of the material between filamentous and non-filamentous states in the long run. Note that the higher the disassembly rate κ, the lower the proportion of the keratin material assembled in the filamentous state. In vivo disassembly of the filamentous pool is due to post-transcriptional modifications of proteins triggered, for instance, by kinase activity; see, e.g. Woll et al. (2007) .
As a generic function N (·) is used to describe the nucleation process, a complete characterization of equilibria of system (3.2) is difficult. The next three results (Theorems 3.1-3.3) give some information on the equilibrium existence and values.
Theorem 3.1 System (3.2) does not possess the trivial equilibrium (0, 0), or any boundary equilibria (S, 0) and (0, P).
Theorem 3.1 can be verified by setting the right-hand side of system (3.2) to zero. Here, we omit the details.
Theorem 3.2 System (3.2) has at least one interior equilibrium, denoted by (S * , P * ), in D 2 .
Proof. Regard the boundary of D 2 (formed by the vertical line S = 0, the horizontal line P = 0 and the line S + P = 1), denoted by Γ , as a Jordan curve. Denote by I (f 1 ,f 2 ) (Γ ) the index of Γ relative to the vector field, defined in system (3.2), (
Since D 2 is a 2D positively invariant set with respect to system (3.2), it follows that I (f 1 ,f 2 ) (Γ ) = 1. One can also refer to the vector field of (3.2) at each point of the closed loop Γ in Fig. 2 . By Index Theory (Perko, 2001, Theorem 1, p. 301) , there exists at least one equilibrium inside D 2 .
Theorem 3.3 Interior equilibria (S * , P * ) of system (3.2) can be characterized as follows: -with
Proof. Equilibrium (S * , P * ) of system (3.2) satisfies f 1 (S * , P * ) = 0 and f 2 (S * , P * ) = 0. Adding f 1 (S * , P * ) = 0 and f 2 (S * , P * ) = 0 leads to
Fixing P * in (3.3), and solving (3.3) for S * gives a linear equation in S * whose the solution is
From Theorem 3.2, there is at least one interior equilibrium inside D 2 . To satisfy 0 < S * < 1, (3.4) leads to the following conditions
The right-hand side of the inequality is satisfied for P * < κ/iC 0 ; then the left-hand side is satisfied for P * < κ/(κ + iC 0 ) < κ/iC 0 .
• with i = β
The right-hand side of the inequality (3.5) is satisfied when κP
The left-hand side of the inequality (3.5) depends on the sign of the quadratic function 8 of 15
The right-hand side of the inequality (3.5) is satisfied for P * < κ/iC 0 . Satisfying the left-hand side of (3.5) is equivalent to satisfying Q(P * ) < 0. By Descartes' rule of signs, it is found that Q(P * ) has exactly one negative and one positive real root, respectively, P * 1 and P * 2 . As the leading coefficient of Q(P * ) is positive, its graph is a concave-up parabola, hence the left-hand side of (3.5) is satisfied for P * ∈ (0,
-For i > β: Two cases have to be considered: * The right-hand side of the inequality (3.5) is satisfied when κ − iC 0 P * < 0 and C 0 (i − β)P * − κ > 0; these two conditions lead to P * > κ/C 0 (i − β). With κ − iC 0 P * < 0, the left-hand side of (3.5) is equivalent to Q(P * ) > 0. Both roots P * 1,2 are negative and the leading coefficient of Q(P * ) is negative. Hence, the left-hand side of (3.5) cannot be satisfied for any positive value of P * . This case is not possible. * The right-hand side of the inequality (3.5) is satisfied when κ − iC 0 P * > 0 and C 0 (i − β)P * − κ < 0; these two conditions lead to P * < κ/C 0 (i − β). With κ − iC 0 P * > 0, the left-hand side of (3.5) is equivalent to satisfy Q(P * ) < 0. Both roots P * 1,2 are negative and the leading coefficient of Q(P * ) is negative. Hence, the left-hand side of (3.5) is satisfied for any positive value of P * . Hence, the inequality (3.5) is satisfied for P * < κ/C 0 (i − β).
Note that the equilibrium values are mainly determined by κ, i and β, as are the bounds of solutions in long run (Lemma 3.1).
The next result excludes the existence of periodic solutions.
Theorem 3.4 System (3.2) has no periodic solutions, homoclinic loops or oriented phase polygons inside the region D 2 .
Proof. To prove this theorem, we apply the approach developed by Li (1996) . For system (3.1) on the positively invariant pyramid D 1 , one can show from Theorem 3.1 that there are no boundary equilibria; the vector field traverses strictly inwards along the boundary of D 1 due to its property of positive invariance; solutions to system (3.1) are uniformly bounded on D 1 ; D 1 is simply connected. These characteristics imply that system (3.1) is uniformly persistent in D 1 , and thus there is a compact absorbing set K ⊂ D 1 . Define the vector field of system (3.1) as f. Calculating the divergence of system (3.1) gives where the prime ( ) stands for the derivative with respect to C 0 S. Transforming equations (3.1b) and (3.1c) yields
Consequently, the divergence of system (3.1) reduces to
Take similar notation as in Li (1996) : n, r, ν, P(x) and I M ×M , where x := (S, P, N), M = n r+2
and P(x) is a non-singular n r+2
matrix-valued function. For n = 3, r = 1, ν = 0, then M = 1. Thus I 1×1 = 1, P(x) is scalar-valued and
where P f is obtained by replacing each entry of P by its derivative in the direction of f, and ∂f [r+2] /∂x is the (r + 2)th additive compound matrix of the Jacobian matrix ∂f/∂x. Thus, the quantityq r+2 used in the condition in Li (1996, Theorem 2.3), depends only on the divergence of system (3.1).
Let (S(t), P(t), N(t)) be any solution starting in the compact absorbing set K ⊂ D 1 . Along (S(t), P(t), N(t)), we have
for all sufficiently large t, where the positive c may depend on the uniformly persistent constant but is independent of initial conditions. The conditions in Li (1996, Theorem 2.3) are then satisfied. The proof is complete.
In vitro studies have shown that filament precursors, ULFs in the in vitro case, behave for the aggregation processes as filaments; ULF is considered as the shortest filament. The ULF end-to-end rate (similar to the fusion rate of precursors) is slightly faster than the rate of aggregation of a ULF to a filament and β might influence the behaviour of system (3.2). Consequently, different cases for β and i are now considered.
Case β = i
First, the rate of precursor fusion and the rate of integration of precursors to the filamentous state are assumed to be equal and it is postulated that precursors and elements of the filamentous state behave similarly for the assembly process.
Theorem 3.5 Suppose β = i. Interior equilibria (S * , P * ) of system (3.2), where S * ∈ (0, i/(i + π)), are locally asymptotically stable.
Proof. The coordinates of an interior equilibrium (S * , P * ) satisfy
Solving (3.6a) for P * in terms of S * gives
Substituting (3.7) into (3.6b), S * satisfies
One can verify that S * ∈ (0, i/(i + π)). The Jacobian matrix of system (3.2) at an arbitrary point (S, P) is
The trace of J (S, P) is tr(J (S, P))
From (3.10), when β = i, the trace of J (S, P) at an interior equilibrium (S * , P * ) simplifies to
Obviously, tr(J (S * , P * )) < 0 whenever N (C 0 S * ) 0. The determinant of the Jacobian matrix J (S, P) at an interior equilibrium (S * , P * ) is
Based on the assumptions on the nucleation function N (S), N (C 0 S * ) 0 is always true, implying that det(J (S * , P * )) > 0. As tr(J (S * , P * )) < 0 and det(J (S * , P * )) > 0, the result follows. Does system (3.2) have multiple interior equilibria under the hypothesis β = i? The following result gives the answer. Theorem 3.6 Suppose β = i. System (3.2) possesses a unique interior equilibrium (S * , P * ) in D 2 .
Proof. Define the same Jordan curve Γ as in the proof of Theorem 3.2. Then I (f 1 ,f 2 ) (Γ ), the index of Γ relative to the vector field defined in system (3.2) (f 1 , f 2 ) ∈ C 1 (R 2 ), is equal to 1. Suppose system (3.2) has interior equilibria E 1 , · · · , E q (q 2). By Index Theory (Perko, 2001 , Theorem 2, p. 302), f 2 ) (E j ) = q after considering the local asymptotic stability (Theorem 3.5) of these q interior equilibria. However, this contradicts the fact I (f 1 ,f 2 ) (Γ ) = 1, implying that system (3.2) has a unique interior equilibrium when β = i.
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Interpretation of results when β = i: When precursor fusion and integration of filament precursors to the filamentous state are assumed to be subject to same rates, then regardless of any initial configuration of keratin material, the system always reaches, when time becomes large, a steady repartition in which all keratin structural states coexist (Theorem 3.7). Note that the equilibrium proportion of the soluble proteins S * is limited by i/(i + π) (Theorem 3.5), whereas the equilibrium proportion of filament precursors P * is limited by κ/(κ + iC 0 ) (Theorem 3.3).
Case β = i
When β = i, it is difficult to obtain the number and the stability properties of interior equilibria for system (3.2) due to the general form of nucleation function N (C 0 S).
Theorem 3.8 Suppose β > i. The interior equilibrium (S * , P * ) is unique and globally asymptotically stable if each interior equilibrium is locally asymptotically stable.
Theorem 3.8 can be proved by the Bendixson criterion (Bendixson, 1901) and the Index Theory (Perko, 2001, Theorem 2, p. 302) , similar to the proofs of Theorems 3.6 and 3.7. Here, we omit the details.
Theorem 3.9 Suppose β > i. System (3.2) possesses at least three interior equilibria (S * , P * ) if one of these equilibria is an unstable saddle point.
Proof. Take Γ , the boundary of D 2 , as a Jordan curve (see Fig. 2 ). The index of Γ relative to the vector field (f 1 , f 2 ) ∈ C 1 (R 2 ) is equal to 1, i.e. I (f 1 ,f 2 ) (Γ ) = 1. Suppose system (3.2) has one interior saddle point E and other q interior equilibria E 1 , E 2 , . . . , E q . The index of E is −1 and that of E j (j = 1, 2, . . . , q) equals −1, 0 or 1. According to the Index Theory (Perko, 2001, Theorem 2, p. 302) 
It then can be deduced that the minimum number of E j is 2 whose index with respective to the vector field (f 1 , f 2 ) equals 1. The proof is complete.
Theorem 3.10 Suppose β > i. If system (3.2) has a unique interior equilibrium (S * , P * ), it is globally asymptotically stable. Theorem 3.10 can be proved by using the same arguments as in the proof of Theorem 3.4 and adding the assumption of the uniqueness of the interior equilibrium to satisfy the conditions of Corollary 3.5 in Li (1996) . Here, we omit the details.
The methods used to get the general results for β > i are applicable to the case β < i. However, based on in vitro results , it might be assumed here that i β; the aggregation of short objects is faster than the aggregation of longer objects.
Discussion
A model for the organization of keratin material in a cell is proposed, describing the repartition of keratin between three structural states. Assumptions of the model result from biological observations (Kolsch et al., 2010; Leube et al., 2011) . The model is based on keratin recycling (assembly/disassembly cycle); neither protein biosynthesis nor degradation are considered. Note that other modes of keratin filament turnover exist. They may rely on protein biosynthesis and protein degradation (Chang et al., 2006; Rogel et al., 2010) and include direct exchange between the soluble and filamentous keratin pools (Kreis et al., 1983; Miller et al., 1991) .
As the in vivo mechanisms of the filament precursor formation (or the oligomerization of soluble proteins) are not very well understood, generic functions are used as nucleation functions. Saturating or non-saturating functions of the soluble pool are allowed as nucleation functions; the only assumption is a non-decreasing dependence on the available soluble proteins. The use of a generic function for the nucleation renders the mathematical analysis complicated. However, the present conclusions are in agreement with our previous conclusions (Portet & Arino, 2009 ) and biological observations (Kolsch et al., 2010; Leube et al., 2011) . 
Depending on the nucleation function used, the values of the interior equilibrium change; saturating functions lead to a mainly soluble organization of the keratin material.
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The rate κ of disassembly of the filamentous state is, as previously found in Portet & Arino (2009) , one of the main determinants of the organization of the keratin material. The faster the disassembly, the smaller the proportion of material assembled in the filamentous state (Lemma 3.1). It is observed that once the network is assembled, its disassembly is triggered by post-transcriptional modifications of intermediate filament proteins due to the action of kinases (see, for example, Woll et al., 2007) . Hence, values of κ depend on the kinase activity that triggers filament disassembly.
The non-existence of periodic solutions is proved (Theorem 3.4). Additionally, since solutions are bounded and boundary equilibria are shown not to exist (Theorem 3.1), the keratin repartition always stabilizes, when time becomes large, to a steady state in which all structural stages always coexist. These conclusions are in agreement with biological observations; despite the continuous keratin assembly/disassembly, in interphasic cells, the repartition of keratin is stable in cells, 80% of the material is assembled in filamentous state .
The formation of the filamentous state is described as a fusion/aggregation of filament precursors and aggregation of precursors to filaments (Kolsch et al., 2010; Leube et al., 2011) . When fusion of precursors and integration of precursors into the filamentous pool are assumed to occur at the same rates (β = i), it is shown that the unique interior equilibrium (S * , P * ) is globally asymptotically stable. Hence, the form of the nucleation function does not change the qualitative behaviour of the system. However, the use of saturating or non-saturating functions affects the (values of equilibrium solutions) repartition of the keratin material (see as an illustration Fig. 3 ). Of note, in vitro studies have shown that filament precursors, well identified as ULFs in the in vitro case, can be considered as filaments and that their rates of fusion are slightly higher than their rates of aggregation to filaments . When β = i, it is difficult to determine analytically the number of interior equilibria (S * , P * ) and the corresponding stability property.
Next steps of this study will include the transport of elements of keratin material in the different structural states and the localization of specific events in the cell.
